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(2) The crystals form as needles parallel to the
¢ axis, which is the direction of the Pb—N spirals.

(3) The needles form as thin plates perpendicular
to the b axis, consistent with the weak bonding
between the sheets of spirals.

(4) The needles are easily deformed and show plastic
behaviour. This arises from flexibility of the spirals
and many crystals were observed in which the direc-
tion of the ¢ axis was not constant. In one case a
Weissenberg photograph for oscillation about the
a axis showed that the ¢ axis direction varied con-
tinuously over a range of about 10° within the length
of the crystal (about 200 u).

(5) Optical absorption is greatest for the direction
of the @ axis which is the direction towards which
all the N-C-N groups are aligned.

(6) Thermal decomposition results in the evolution
of cyanogen, but the powder pattern of the material
is not appreciably altered. This corresponds to bond
fission between the Pb and N(2) atoms and between
the N(1) and C atoms so that C-N(2) units from
adjacent groups form cyanogen and the -Pb-N-
spirals remain unchanged. The Pb-N(2) and the
N(1)-C bonds are the weakest in the structure.

I am most grateful to Dr M. J. Sole for valuable
discussions about the correlation between the struc-
ture and physical properties. I am also grateful to
Miss K. M. Adams for assistance with crystal selection
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and setting and for the determination of the accurate
lattice parameters.

It is a pleasure to thank Prof. Sir Nevill Mott,
F.R.S. and Dr W. H. Taylor for provision of facilities
and for their interest and encouragement. I am also
indebted to Dr M. V. Wilkes and Mr E.N. Mutch
for providing time on the EDSAC.
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A Direct Analysis of Atomic Displacement in Disordered Alloys
from X-ray Diffuse Scattering

By K. Dor*
Service de Physique des Solides, Faculté des Sciences Paris-Orsay, Orsay (S. et 0.), France

(Recetved 15 November 1963)

The displacements of lattice points around a Cu atom in perfectly disordered AuCuj, are derived by
means of a Fourier transformation of diffuse scattering amplitude, without making any assump-

tions as to the nature of the distortion field.

The results show that the displacement Ony of lattice point # at the position rm, with respect

to the distortion centre m is expressed by

Omn =CA(Tmn/[Tmn|®) — K

where cg4 is a constant and K is an additive term which may be identified with the image term as
discussed by Eshelby (J. Appl. Phys. (1954) 25, 255).

The possibility of deriving the Zernike parameter of the order—disorder phenomena, when they
are accompanied by size effect lattice distortions, is suggested.

The present author has suggested (Doi, 19605, 1961)
that with a Fourier transformation of diffuse scattering
amplitude distribution the order—disorder phenomena

* On leave of absence from Japan Atomic Energy Research
Institute, Tokai-mura, Japan.

of binary alloys can be discussed from a new point
of view, i.e. that 'of the propagation of order (Zernike,
1940), which may open a way accessible to the ‘exact
solution’ in the sense of Onsager (1944) as pointed
out by Ashkin & Lamb (1943).
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In order to attain this object, however, the so-called
size effect modulation must be estimated and, if
possible, eliminated so that the diffuse scattering
subject to the Fourier treatment be regarded as
purely due to the substitutional disorders. In this
paper a possible approach to this problem will be
described.

Moreover information on the lattice deformation
around a point imperfection in an f.c.c. alloy crystal
will be obtained in a less arbitrary way than that
previously adopted.

Theory

Borie has given an expression of the diffuse scattering
for perfectly disordered f.c.c. alloys assuming that
the size effect displacements are small quantities
(equation (7) of Borie, 1959):

Ip
mAmBN -
{(fA_f )+M i 3S.8mnexp (isrmn)}2 (1)
with

(1a)

Here the position of the lattice point n is given by
a vector Tmn-+Omn starting from the origin m, Smn
being the displacement of the lattice point n caused
by the presence of a particular kind of atom, say 4,
at the origin m. fa,fz and ma, mp mean the form
factors and concentrations of 4 and B atoms, and
c4, cg measure the strength of the distortion center m
when it is occupied by an atom A or B respectively.
s is a reciprocal space vector and N stands for the
total number of atoms.

It is recognized that the quantity in the bracket
of (1) is real if

Bmn=Ca(Tmn/|Tmnl?), cama= —cpms .

(16)

and we can define the amplitude of diffuse scattering
such that

A(s) =
(fa—fB)+

smn= —'8171., -n

WM 2 S. Smn exp (1,s rmn)
n+Em

x exp {iw(s)}
where w(s) means the phase angle at the position s.
When we take the origin of the direct space at the
distortion centre m, then

exp {iw(s)}= %1
and the right-hand side of (2) can be rewritten,
assuming 8,»’s as small quantities,

fa=f

mp

A(s) = £

i[ S exp {is. (Cma+8mn)}— 2 . exp {is. rmn}:H

mp
(2a)
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with B
J=mafa+msfz. (20)

Equation (2a¢) means that mpA(s) is the diffuse
scattering amplitude produced by atoms of form
factor f placed at Tmn+Omn (m=*n), and an atom A
at the origin m. Taking the Fourier transform of
ms[ F A(s)—(fa—fB)llf we have:

SmB[+A(S)_—(fA—fB)]

exp {is.r}dvs
=23 [6(8mn+rmn—r)—

n=m

d(rma—r)] (3)

where J(r) means the delta function in direct space.
It is seen from (3) that if we can have the values of
A(s) with their signs in the whole of the reciprocal
space, we can derive the values of Sun, for every =
without any assumptions like (1la), which is, however,
not feasible in practice.

In this respect the author has developed (Doi, 1957,
1960a) a method which consists of a Fourier trans-
formation of amplitude distribution in a limited region
of a reciprocal space, in particular, in the neighbour-
hood of a relpoint where phase angles are easily
assigned (Doi, 1957) assuming the statistical centro-
symmetry:

———I1Lyl3 LyLyLy

o(r) = g(—7) . (4)

. ——L1LsL3 .
In equation (4), o(r) means the electron density

averaged over the points
(r1+mLyao, 72+ n2Leao, r3+nslaao;
n1, ne, nag=0, +1, £2, £3, elc. ...),
where ao means the period of the f.c.c. lattice. In
the present case the statistical centrosymmetry is
implied by the condition (16) and the phases are
limited either +1 or —1. Let
K(s)=K(s1, sz, s3)
__sin §(ao/2)s1 sin §(ao/2)s2 sin §(ao/2)s3

61/2 82/2 6‘3/2 (5)
and define a function:
A(s
P200)(r) = SMB[+ 7 —Ja=J5)]

X K(S—S(ZOO)) exp {1:1'. (S—S(zoo))}dvs (6)

where s (200) means the relpoint (200). It is shown using
the convolution theorem (Doi, 1957, 1960a, b) that

> (S(rmn +8mn—1)—

nEm

SD(ZOO)(r) = S 5(rmn—l‘)

x A(x' —r) exp [—iS00).T']dvy  (7)
with
A(r) = SK(S) exp [is. ] dv,
_ { 1. for |ri|<Zao, |r2] <iao, |r3|<iao,
0  otherwise. (8)
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From (7) and (8) we have:

(P(200)(rijk) = exp {i[S(zoO) . 61]10]} —1
~ —¢ sin [S(200).O1jx] 9)

where 8 is the displacement of the face centered
lattice point: ryx(iae/2, jao/2, kao/2). As the left-hand
side of (9) can be determined from the experimental
data only in the neighbourhood of (200) (Doi, 1957),
we can derive the component of 8;; in the direction
of S(00) without any recourse to a hypothesis such as
(la). The only assumption to be made, in addition
to the smallness of 8;’s, is the condition (16) or the
statistical centrosymmetry (4).

Example

For the sake of simplicity let us consider a zero-level
section of reciprocal space perpendicular to [001]:

fud, f

mp ms

A(sy) = *

X {2 exp (¢[sy. (rij+8ij)])—.2; exp (is,,.rﬁ)} i , (10)
0] i

where two-dimensional vectors s, and r;; represent

the projections of s and riz onto the (001) plane

respectively, and

8 =%‘ [Besxly (11)

with [84x], as the projection of 8;x onto the (001)

plane. Here also we assume that 8;i’s are small

quantities. We define a two-dimensional analogue of

@200)(T) (equation (6)) constructed from A(s,) of (10):

mB[$A(Su)—(fA—fB)]K
f

x exp {i[ry. (Sy—seon]}dog , (12)

@00)(Ty) = 5 (Sn—S200))

which proves to be

o~ —1 sin [[S200)| - |815]cos ox45] (12a)

where r; means the component of r parallel to the
(001) plane, and «y; is the angle between $(200) and 8;;.
Throughout the following calculation fa, fz and f
are supposed to have the same dependencies upon s.

The observed values of Ip(s,)/Nf; for disordered
AuCus in the neighbourhood of (200) were given by
Borie (1957). The sampling of these values were made
with a mesh of 1/28ao x 1/28q,.

The phase angles at the sampling points, being
limited either to 0 or 7 according to the condition (1)
(Doi, 1957), were assigned in accordance with Borie’s
calculation (1959), i.e. the value 7 was given for the
low-angle side of (200) and 0 for the high-angle side,
there being a nodal line crossing [100] at the (200)
relpoint. This implies that the atom 4 at the origin
is a Cu atom. B

A constant corresponding to (fa—fs)/f in (12) was
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added to |/(Ip/Nf%) so that the function subject to
the Fourier transformation become antisymmetric
with respect to the (200) relpoint (equation (2)).
Though we have no reliable values of Ip in the close
neighbourhood of the relpoint (200), because of the
confusion with the normal Bragg reflexion, the
interpolation was made rather easily in view of the
antisymmetry of the integrand of (12) with respect
to the relpoint (200). The diffuse scatterings in the
neighbourhoods of the other relpoints (000), (400),
(220), ... etc. could be neglected because the
kernel K(s;—so0)) in (12) has no appreciable values
in the neighbourhoods of those relpoints.

The function @o0)(r,;) was thus calculated which
proved imaginary in accordance with (12z). The
scalar product [S200)|. |S:j] cos i, being derived there-
from for each lattice point (i), will give the dis-
placement vector 8;; when the wvector is supposed
collinear with the distortion centre (00). The results are
shown in Fig. 1. Values of [5;]’s on the [010] axis
could not be determined, as the scalar products are
identically zero (xo; = 7).

[010] 8% 104 (&)
7 0 8 10 12
4
39 47 31 23 11
! 7
/ 60 65 50 28 6
47 60 55 3 1
47 60 39 7 [100]
—2
2
[ ——-

Fig. 1. The displacement of the lattice site (iag/2, jag/2) of
disordered AuCuy projected onto the (001) plane:

Oy = f (Bssxclun

expressed in the unit of 10-¢ A. The origin (0, 0) is occupied
by a Cu atom. The arrows indicate the directions and
magnitudes of 8;’s (the latter being exaggerated).

Other pairs of [|’s and |5;’s, which must be equal
in accordance with the f.c.c. lattice symmetry, were
determined independently. The discrepancies between
them may thus measure the errors in |5;|’s other
than those due to the series-termination effects.
All &;7’s are found directed toward the distortion
centre giving rise to a lattice contraction around the
atom A (= Cu).

Discussion

It is seen that the results represented in Fig. 1 are
obtained without any assumptions as to the nature
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of the distortion field. What we have assumed is
that 8;;’s are small, collinear with the distortion centre
{00) and symmetric with respect to the centre (GO0)
(equation (18)). It may thus be interesting to compare
the values of Fig.1 with those expected after the
inverse-square law (la), in order to see to what
extent the elastic continuum model can explain the
real distortion field.
Substituting (la) into (11), we have

4cq r s
Bl = 7 = oy "=V, (13)
which is approximated, when r is large, as
deq (™ r dca
2N L dp=2 (1
ad S_,x, (72 4 4n2)3/2 " ai r (13a)

In Fig. 2 |84)’s are plotted as a function of 2/aer,
for [110], [100] and [210] directions. We see that
the values of 8;’s for larger values of r are found on
the straight lines, as expected after equation (13a),
while those for smaller values of » deviate therefrom
very appreciably. We cannot conclude, however,
whether these deviations are real ones or simply due
to the series-termination errors and/or the approxima-
tions adopted in effecting the summation of (13).
It is worth noting that the constant ca determined
from the slopes of the straight lines in Fig. 2 is
ca = —0:07+0-005 A3 for the three independent
crystallographic directions, while the value determined
by Borie (1957) was c4= —0-072 As.

(A)
o .
1% aeeen[110]
—x—x=[100]
0-0050 , oo [210,(120]
00025
0 025 050 075 (AT

0ol

Fig. 2. The values of |3;|’s plotted against 2/a,)/(i%+j2),
the reciprocal of the distance from the distortion centre,
along the various directions.

The fact that contradicts the assumption (la) is
that the straight lines do not pass through the origin
of Fig.2. We can take account of these facts by
making a slight modification in (la), so that
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Smn—_—CA(rmn/,rmnP)—K . (14)

One cannot know with the present results whether
the modulus of additive term K is a constant or it
depends on the orientation [k%I]. It is expected that
the term may possibly be identified with the image
term as discussed by Eshelby (1954).

Concluding remarks

It is to be noted that the method of analysis here
developed is not necessarily restricted to the perfectly
disordered structure but applies to the partially
ordered states as well, where we have diffuse scat-
terings in the neighbourhoods of the superlattice
points, and the function ge0)(r) becomes in general
complex.
We need then only to replace (7) by

2 [(folf). 0(Cmn+Bmn—1) = §(Tmn—r)]

n+m

x A (I" —r) exp {Z —[S¢200). r']}dv,, s

Pea00)(r) = S
(15)

and the real and imaginary parts of oo (r) will
enable us to determine independently both f, and
Omn, wWhere f, means the form factor of the atom
occupying the lattice site rma. It is seen that fr’s
are related to the Zernike parameters specifying the
state of order in the structure (Doi, 1961). This means
that the substitutional disorder can be discussed in
quite an independent way from the lattice distortions
which accompany it inevitably. It also means that
an approach to the ‘exact solution’ of the problem,
i.e. to derive the partition function from the diffraction
data by the intermediate of the Zernike parameter
(Ashkin & Lamb, 1943) may be possible even if the
appreciable size effects are present in the diffraction
data.

The author wishes to thank Prof. A. Guinier for
valuable remarks and discussions.
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